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Finalrem

arks

T
he

FFT
algorithm

im
plem

ented
in

literature
is

called
C

ooley-
Tukey.

T
here

is
also

Sand-Tukey
algorithm

that
rearranges

data
after

perform
ing

butterflies
and

in
its

case
butterflies

look
like

ours
in

fi
g.3.2

butm
irrored

to
the

rightso
thatthe

big
butterflies

com
e

first
and

the
sm

allones
do

last.
From

allour
considerations

follow
s

thatthe
length

ofthe
input

data
for

our
algorithm

should
be

pow
er

of
2.

In
the

case
length

of
the

input
data

is
not

a
pow

er
of

2
it

is
a

good
idea

to
extend

the
data

size
to

the
nearest

pow
er

of
2

and
pad

additionalspace
w

ith
zeroes

or
input

signalitselfin
a

periodic
m

anner
—

just
copy

the
necessary

part
of

the
signalfrom

its
beginning.

Padding
w

ith
zeroes

usually
w

orks
w

ell.
If

you
w

ere
attentive

you
could

notice
that

butterflies
in

the
parenthesis

and
brackets

in
(2.7)

do
notreally

need
m

ultiplications
but

additions
and

subtractions
only.

So,optim
izing

tw
o

deepest
levels

ofbutterflies
w

e
can

even
im

prove
the

FFT
perform

ance.35
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H

ow
to

use

To
utilize

the
FFT

you
should

include
the

header
file

fft.h
and

place
in

your
code

lines
like:

...Usually
at

the
top

of
the

file
//

Include
FFT

header
#include

"fft.h"
....Some

code
here

.
...Inside

your
signal

processing
function

//
Allocate

memory
for

signal
data

complex
*pSignal

=
new

complex[1024];
...Fill

signal
array

with
data

//
Apply

FFT
CFFT::Forward(pSignal,

1024);
...Utilize

transform
result

//
Free

memory
delete[]

pSignal;
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O

nline
resources

O
nline

article:

http://www.librow.com/articles/article-10
—

Fast
Fourier

transform
—

FFT.

You
can

dow
nload

fullsource
code

here:

www.librow.com/content/en/download/articles/
article-10/fft_code.zip

—
FFT

C
+

+
source

code,
zip,4

kB
.

Fullfile
listings

are
available

online
as

w
ell:

www.librow.com/articles/article-10/appendix-a-1
—

FFT
source

code
—

file
ofdeclarations

fft.h;

www.librow.com/articles/article-10/appendix-a-2
—

FFT
source

code
—

file
ofim

plem
entation

fft.cpp.

O
ptim

ized
for

high
perform

ance
source

code
of

com
plex

num
ber

class
you

can
find

here:

29
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//
Scale

-
if

to
scale

result
bool

CFFT::Inverse(complex
*const

Data,
const

unsigned
int

N,
const

bool
Scale

/*
=

true
*/)

{
//

Check
input

parameters
if

(!Data
||

N
<

1
||

N
&

(N
-

1))
return

false;
//

Rearrange
Rearrange(Data,

N);
//

Call
FFT

implementation
Perform(Data,

N,
true);

//
Scale

if
necessary

if
(Scale)
CFFT::Scale(Data,

N);
//

Succeeded
return

true;
}

The
only

difference
is

a
conditionalscaling

ofthe
result

at
the

postprocessing
stage.

By
defaultthe

scaling
is

perform
ed

according
to

(4.2)
butifone

is
interested

only
in

relative
values

she
can

drop
the

corresponding
flag

to
skip

this
operation.

Scaling
itself

is
a

prim
itive

function
below

.

//
Scaling

of
inverse

FFT
result

void
CFFT::Scale(complex

*const
Data,

const
unsigned

int
N)

{
const

double
Factor

=
1.

/
double(N);

//
Scale

all
data

entries
for

(unsigned
int

Position
=

0;
Position

<
N;

++Position)
Data[Position]

*=
Factor;
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FF

T
pr

og
ra

m
m

in
g

Pa
ir

+=
Ju

mp
)

{
//

Ma
tc

h
po

si
ti

on
co

ns
t

un
si

gn
ed

in
t

Ma
tc

h
=

Pa
ir

+
St

ep
;

//
Se

co
nd

te
rm

of
tw

o-
po

in
t

tr
an

sf
or

m
co

ns
t

co
mp

le
x

Pr
od

uc
t(

Fa
ct

or
*

Da
ta

[M
at

ch
])

;
//

Tr
an

sf
or

m
fo

r
fi

+
pi

Da
ta

[M
at

ch
]

=
Da

ta
[P

ai
r]

-
Pr

od
uc

t;
//

Tr
an

sf
or

m
fo

r
fi

Da
ta

[P
ai

r]
+=

Pr
od

uc
t;

} //
Su

cc
es

si
ve

tr
an

sf
or

m
fa

ct
or

vi
a

//
tr

ig
on

om
et

ri
c

re
cu

rr
en

ce
Fa

ct
or

=
Mu

lt
ip

li
er

*
Fa

ct
or

+
Fa

ct
or

;
}

}
}

T
he

co
de

is
ex

ac
t

re
fle

ct
io

n
of

ou
r

FF
T

al
go

ri
th

m
an

d
bu

tt
er

-
fly

sc
he

m
e

in
fi

g.
3.

2.
T

he
di

ff
er

en
ce

be
tw

ee
n

th
e

fo
rw

ar
d

an
d

th
e

in
ve

rs
e

tr
an

sf
or

m
s

is
re

fle
ct

ed
in

th
e

fir
st

lin
e

of
th

e
m

et
ho

d
w

he
re

th
e

pr
op

er
si

gn
fo

r
th

e
ex

po
ne

nt
ar

gu
m

en
t

is
se

t.
In

it
ia

liz
a-

ti
on

s
in

si
de

th
e

ou
te

r
lo

op
ar

e
ju

st
pr

ep
ar

at
io

ns
fo

r
th

e
su

cc
es

si
ve

ca
lc

ul
at

io
n

of
th

e
fa

ct
or

s
vi

a
tr

ig
on

om
et

ri
c

re
cu

rr
en

ce
.

A
nd

th
e

jo
b

is
do

ne
in

si
de

th
e

in
ne

r
lo

op
,

w
hi

ch
pe

rf
or

m
s

th
e

bu
tt

er
fly

op
er

at
io

ns
.

Tr
ig

on
om

et
ri

c
re

cu
rr

en
ce

in
th

e
la

st
lin

e
is

ex
ac

tl
y

ou
r

ex
pr

es
si

on
(3

.1
).

Th
e

w
ra

pp
er

s
fo

r
th

e
in

ve
rs

e
tr

an
sf

or
m

ar
e

de
si

gn
ed

th
e

sa
m

e
w

ay
as

fo
r

th
e

fo
rw

ar
d

on
e:

//
IN

VE
RS

E
FO

UR
IE

R
TR

AN
SF

OR
M,

IN
PL

AC
E

VE
RS

IO
N

//
Da

ta
-

bo
th

in
pu

t
da

ta
an

d
ou

tp
ut

//
N

-
le

ng
th

of
bo

th
in

pu
t

da
ta

an
d

re
su

lt

C
H

A
P

T
E

R
1

In
tr

od
uc

tio
n

to
fa

st
Fo

ur
ie

r
tr

an
sf

or
m

Fa
st

Fo
u

ri
er

tr
an

sf
or

m
—

FF
T

—
is

a
sp

ee
d-

up
te

ch
ni

qu
e

fo
r

ca
lc

ul
at

in
g

th
e

di
sc

re
te

Fo
ur

ie
r

tr
an

sf
or

m
—

D
FT

,w
hi

ch
in

tu
rn

is
th

e
di

sc
re

te
ve

rs
io

n
of

th
e

co
nt

in
uo

us
Fo

ur
ie

r
tr

an
sf

or
m

,
w

hi
ch

in
de

ed
is

an
or

ig
in

fo
r

al
li

ts
ve

rs
io

ns
.

So
,h

is
to

ri
ca

lly
th

e
co

nt
in

u-
ou

s
fo

rm
of

th
e

tr
an

sf
or

m
w

as
di

sc
ov

er
ed

,t
he

n
th

e
di

sc
re

te
fo

rm
w

as
cr

ea
te

d
fo

r
sa

m
pl

ed
si

gn
al

s
an

d
th

en
an

al
go

ri
th

m
fo

r
fa
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ca

lc
ul
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n
of

th
e

di
sc

re
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ve
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n

w
as

in
ve
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.
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to
get

the
target

position
for

the
elem

ent.
N

ow
there

is
a

turn
of

the
core

m
ethod,w

hich
perform

s
our

fast
Fourier

transform
.

//
FFT

implementation
void

CFFT::Perform(complex
*const

Data,
const

unsigned
int

N,
const

bool
Inverse

/*
=

false
*/)

{
const

double
pi

=
Inverse

?
3.14159265358979323846

:
-3.14159265358979323846;

//
Iteration

through
dyads,

quadruples,
//

octads
and

so
on...

for
(unsigned

int
Step

=
1;

Step
<

N;
Step

<<=
1)

{
//

Jump
to

the
next

entry
of

the
same

//
transform

factor
const

unsigned
int

Jump
=

Step
<<

1;
//

Angle
increment

const
double

delta
=

pi
/

double(Step);
//

Auxiliary
sin(delta

/
2)

const
double

Sine
=

sin(delta
*

.5);
//

Multiplier
for

trigonometric
recurrence

const
complex

Multiplier(-2.
*

Sine
*

Sine,
sin(delta));

//
Start

value
for

transform
factor,

fi
=

0
complex

Factor(1.);
//

Iteration
through

groups
of

different
//

transform
factor

for
(unsigned

int
Group

=
0;

Group
<

Step;
++Group)

{
//

Iteration
within

group
for

(unsigned
int

Pair
=

Group;
Pair

<
N;
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FF

T
pr

og
ra

m
m

in
g

Re
ar

ra
ng

e
fu

nc
ti

on
us

es
ou

r
“m

ir
ro

re
d

m
at

he
m

at
ic

s”
to

de
fin

e
ne

w
po

si
ti

on
fo

r
ev

er
y

el
em

en
t

an
d

sw
ap

s
el

em
en

ts
:

//
In

pl
ac

e
ve

rs
io

n
of

re
ar

ra
ng

e
fu

nc
ti

on
vo

id
CF

FT
::

Re
ar

ra
ng

e(
co

mp
le

x
*c

on
st

Da
ta

,
co

ns
t

un
si

gn
ed

in
t

N)
{

//
Sw

ap
po

si
ti

on
un

si
gn

ed
in

t
Ta

rg
et

=
0;

//
Pr

oc
es

s
al

l
po

si
ti

on
s

of
in

pu
t

si
gn

al
fo

r
(u

ns
ig

ne
d

in
t

Po
si

ti
on

=
0;

Po
si

ti
on

<
N;

++
Po

si
ti

on
)

{
//

On
ly

fo
r

no
t

ye
t

sw
ap

pe
d

en
tr

ie
s

if
(T

ar
ge

t
>

Po
si

ti
on

)
{

//
Sw

ap
en

tr
ie

s
co

ns
t

co
mp

le
x

Te
mp

(D
at

a[
Ta

rg
et

])
;

Da
ta

[T
ar

ge
t]

=
Da

ta
[P

os
it

io
n]

;
Da

ta
[P

os
it

io
n]

=
Te

mp
;

} //
Bi

t
ma

sk
un

si
gn

ed
in

t
Ma

sk
=

N;
//

Wh
il

e
bi

t
is

se
t

wh
il

e
(T

ar
ge

t
&

(M
as

k
>>

=
1)

)
//

Dr
op

bi
t

Ta
rg

et
&=

~M
as

k;
//

Th
e

cu
rr

en
t

bi
t

is
0

-
se

t
it

Ta
rg

et
|=

Ma
sk

;
}

}

Th
e

w
hi

le
lo

op
im

pl
em

en
ts

ad
di

ti
on

of
1

in
m

ir
ro

re
d

m
an

ne
r

C
H

A
P

T
E

R
2

U
nd

er
st

an
di

ng
FF

T

Fi
rs

t
of

al
ll

et
us

ha
ve

a
lo

ok
at

w
ha

t
th

e
Fo

ur
ie

r
tr

an
sf

or
m

is
.

Th
e

Fo
ur

ie
r

tr
an

sf
or

m
is

an
in

te
gr

al
of

th
e

fo
rm

:

F
(u

)=
∞ ∫ −∞

f(
x

)e
−i

2π
u

x
d

x
(2

.1
)

T
he

tr
an

sf
or

m
op

er
at

es
in

a
co

m
pl

ex
do

m
ai

n.
R

ec
al

l,
th

at
im

ag
in

ar
y

ex
po

ne
nt

co
ul

d
be

w
ri

tt
en

as
:

eiϕ
=

co
sϕ

+
is

in
ϕ

(2
.2

)

Fo
r

a
sa

m
pl

ed
fu

nc
ti

on
th

e
co

nt
in

uo
us

tr
an

sf
or

m
(2

.1
)

tu
rn

s
in

to
th

e
di

sc
re

te
on

e:

F
n
=N

−1 ∑ k
=0

f k
e−

i
2π N

k
n

(2
.3

) 5
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T
he

class
has

four
public

m
ethods

for
perform

ing
FFT:

tw
o

functions
for

the
forw

ard
transform

and
tw

o
ones

for
the

inverse
transform

.
Every

couple
consists

of
the

in-place
version

and
a

version
that

preserves
the

input
data

and
outputs

the
transform

result
into

the
provided

array.
T

he
protected

section
of

the
class

has
as

w
ellfour

functions:
tw

o
functions

for
data

preprocessing
—

putting
them

into
the

convenient
order,a

core
function

for
transform

perform
ing

and
an

auxiliary
function

for
scaling

the
result

ofthe
inverse

transform
.

Every
of

four
public

m
ethods

is
very

sim
ilar

and
is

indeed
a

w
rapper

that
controls

processing
w

orkflow
.

Let
us

see
how

one
of

them
is

designed.

//
FORWARD

FOURIER
TRANSFORM,

INPLACE
VERSION

//
Data

-
both

input
data

and
output

//
N

-
length

of
both

input
data

and
result

bool
CFFT::Forward(complex

*const
Data,

const
unsigned

int
N)

{
//

Check
input

parameters
if

(!Data
||

N
<

1
||

N
&

(N
-

1))
return

false;
//

Rearrange
Rearrange(Data,

N);
//

Call
FFT

implementation
Perform(Data,

N);
//

Succeeded
return

true;
}

Inside
w

rapper
you

can
find

check
of

the
input

param
eters,

then
data

preparation
—

rearrangem
ent,—

and
transform

itself.

6
U

n
derstan

din
g

FFT

re

im

−
1

1

−
i i0

ϕ

e
iϕ

co
s
ϕ

sin
ϕ

Figu
re

2.1:
Im

aginary
exponent.

Expression
(2.3)

is
the

discrete
Fourier

transform
—

D
FT.H

ere
{f0 ,f1 ,...,fN

−
1 }

is
an

input
discrete

function
and

{F
0 ,F

1 ,...,F
N
−

1 }
is

the
result

ofthe
Fourier

transform
.

It
is

easily
could

be
seen

that
to

program
D

FT
it

is
enough

to
w

rite
a

double
loop

and
just

calculate
sum

s
of

products
of

the
input

sam
ples

and
im

aginary
exponents.

T
he

num
ber

of
opera-

tions
required

is
obviously

of
O

(N
2)

order.
B

ut
due

to
transform

properties
it

is
possible

to
reduce

the
num

ber
ofoperations

to
the

order
of

O
(N

lo
g

2 N
).

N
ow

,
let

us
explore

tricks
w

e
can

use
to

speed-up
calculations.

Let
us

put
N

=
8

and
w

rite
dow

n
our

D
FT:

F
n =

f0 +
f1 e −

i
2
π8

n+
f2 e −

i
2
π8

2n+
f3 e −

i
2
π8

3n

+
f4 e −

i
2
π8

4n+
f5 e −

i
2
π8

5n+
f6 e −

i
2
π8

6n+
f7 e −

i
2
π8

7n
(2.4)

Easily
could

be
seen

w
e

can
split

the
sum

into
tw

o
sim

ilar
sum

s
separating

odd
and

even
term

s
and

factoring
out

the
latter

sum
:
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FF

T
pr

og
ra

m
m

in
g

//
IN

VE
RS

E
FO

UR
IE

R
TR

AN
SF

OR
M

//
In

pu
t

-
in

pu
t

da
ta

//
Ou

tp
ut

-
tr

an
sf

or
m

re
su

lt
//

N
-

le
ng

th
of

bo
th

in
pu

t
da

ta
an

d
re

su
lt

//
Sc

al
e

-
if

to
sc

al
e

re
su

lt
st

at
ic

bo
ol

In
ve

rs
e(

co
ns

t
co

mp
le

x
*c

on
st

In
pu

t,
co

mp
le

x
*c

on
st

Ou
tp

ut
,

co
ns

t
un

si
gn

ed
in

t
N,

co
ns

t
bo

ol
Sc

al
e

=
tr

ue
);

//
IN

VE
RS

E
FO

UR
IE

R
TR

AN
SF

OR
M,

IN
PL

AC
E

VE
RS

IO
N

//
Da

ta
-

bo
th

in
pu

t
da

ta
an

d
ou

tp
ut

//
N

-
le

ng
th

of
bo

th
in

pu
t

da
ta

an
d

re
su

lt
//

Sc
al

e
-

if
to

sc
al

e
re

su
lt

st
at

ic
bo

ol
In

ve
rs

e(
co

mp
le

x
*c

on
st

Da
ta

,
co

ns
t

un
si

gn
ed

in
t

N,
co

ns
t

bo
ol

Sc
al

e
=

tr
ue

);

pr
ot

ec
te

d:
//

Re
ar

ra
ng

e
fu

nc
ti

on
an

d
it

s
in

pl
ac

e
ve

rs
io

n
st

at
ic

vo
id

Re
ar

ra
ng

e(
co

ns
t

co
mp

le
x

*c
on

st
In

pu
t,

co
mp

le
x

*c
on

st
Ou

tp
ut

,
co

ns
t

un
si

gn
ed

in
t

N)
;

st
at

ic
vo

id
Re

ar
ra

ng
e(

co
mp

le
x

*c
on

st
Da

ta
,

co
ns

t
un

si
gn

ed
in

t
N)

;

//
FF

T
im

pl
em

en
ta

ti
on

st
at

ic
vo

id
Pe

rf
or

m(
co

mp
le

x
*c

on
st

Da
ta

,
co

ns
t

un
si

gn
ed

in
t

N,
co

ns
t

bo
ol

In
ve

rs
e

=
fa

ls
e)

;

//
Sc

al
in

g
of

in
ve

rs
e

FF
T

re
su

lt
st

at
ic

vo
id

Sc
al

e(
co

mp
le

x
*c

on
st

Da
ta

,
co

ns
t

un
si

gn
ed

in
t

N)
;

};

7

F
n
=

[ f 0
+

f 2
e−

i
2π 8

2n
+

f 4
e−

i
2π 8

4n
+

f 6
e−

i
2π 8

6n
]

+
e−

i
2π 8

n
[ f 1

+
f 3

e−
i

2π 8
2n

+
f 5

e−
i

2π 8
4n

+
f 7

e−
i

2π 8
6n

]
(2

.5
)

N
ow

w
e

ca
n

sp
lit

th
e

su
m

s
in

br
ac

ke
ts

ag
ai

n:

F
n
=

[(
f 0
+

f 4
e−

i
2π 8

4n
) +

e−
i

2π 8
2n

( f 2
+

f 6
e−

i
2π 8

4n
)]

+
e−

i
2π 8

n
[(

f 1
+

f 5
e−

i
2π 8

4n
) +

e−
i

2π 8
2n

( f 3
+

f 7
e−

i
2π 8

4n
)]

(2
.6

)

Th
us

,w
e

ha
ve

3
—

lo
g 2

8
—

le
ve

ls
of

su
m

m
at

io
n.

Th
e

de
ep

es
t

on
e

in
pa

re
nt

he
si

s,
th

e
m

id
dl

e
on

e
in

br
ac

ke
ts

an
d

th
e

ou
te

r
on

e.
Fo

r
ev

er
y

le
ve

lt
he

ex
po

ne
nt

m
ul

ti
pl

ie
r

fo
r

th
e

se
co

nd
te

rm
is

th
e

sa
m

e.

F
n
=

[ (
f 0
+

f 4
e−

iπ
n
) +

e−
i
π 2

n
( f 2

+
f 6

e−
iπ

n
)]

+
e−

i
π 4

n
[ (

f 1
+

f 5
e−

iπ
n
) +

e−
i
π 2

n
( f 3

+
f 7

e−
iπ

n
)]

(2
.7

)

A
nd

no
w

th
e

m
os

t
im

po
rt

an
t

ob
se

rv
at

io
n

on
e

ca
n

m
ak

e
to

ge
t

a
sp

ee
d-

up
:

pe
ri

od
ic

it
y

of
th

e
ex

po
ne

nt
m

ul
ti

pl
ie

rs
.

ei(
ϕ
+2
π

)
=

eiϕ
(2

.8
)

Fo
r

th
e

ex
po

ne
nt

m
ul

ti
pl

ie
r

e−
iπ

n
in

pa
re

nt
he

si
s

pe
ri

od
is

n
=

2,
w

hi
ch

m
ea

ns
su

m
s

in
pa

re
nt

he
si

s
ar

e
ex

ac
tl

y
th

e
sa

m
e

fo
r

n
=

0,
2,

4,
6

an
d

fo
r

n
=

1,
3,

5,
7.

It
m

ea
ns

on
th

e
de

ep
es

tl
ev

el
in

pa
re

nt
he

si
s

w
e

ne
ed

4
×

2
=

8
—

nu
m

be
r

of
su

m
s

ti
m

es
th

e
pe

ri
od

—
su

m
s

in
to

ta
l.

A
nd

no
te

,s
in

ce
n
=

1,
3,

5,
7

co
rr

es
po

nd
s

to
th

e
ha

lf
of

th
e

pe
ri

od
π

,
th

e
ex

po
ne

nt
m

ul
ti

pl
ie

r
is

th
e

sa
m

e
as

fo
r

n
=

0,
2,

4,
6

bu
t

w
it

h
th

e
op

po
si

te
si

gn
.



C
H

A
P

T
E

R5
FFT

program
m

ing

H
ere

is
our

FFT
class

declaration.

class
CFFT

{public:
//

FORWARD
FOURIER

TRANSFORM
//

Input
-

input
data

//
Output

-
transform

result
//

N
-

length
of

both
input

data
and

result
static

bool
Forward(const

complex
*const

Input,
complex

*const
Output,

const
unsigned

int
N);

//
FORWARD

FOURIER
TRANSFORM,

INPLACE
VERSION

//
Data

-
both

input
data

and
output

//
N

-
length

of
both

input
data

and
result

static
bool

Forward(complex
*const

Data,
const

unsigned
int

N);

21

8
U

n
derstan

din
g

FFT

re

im

−
1

1

−
i i0

ϕ

2
π

e
iϕ=

e
i(ϕ+

2
π

)

co
s
ϕ

sin
ϕ

Figu
re

2.2:
Periodicity

ofthe
im

aginary
exponent.

re

im

−
1

1

−
i i

0

ϕ
π

e
iϕ

e
i(ϕ+

π
)

co
s
ϕ

−
co

s
ϕ sin

ϕ

−
sin

ϕ

Figu
re

2.3:
H

alf-period
ofthe

im
aginary

exponent.

e
i(ϕ+

π
)=

−
e

iϕ
(2.9)

Indeed
they

are
1

for
n
=

0,2,4,6
and−

1
for

n
=

1,3,5,7:



9

re

im

−1
1

−ii 0

n
=

0,
2,

4,
6

n
=

1,
3,

5,
7

Fi
gu

re
2.

4:
Ex

po
ne

nt
m

ul
ti

pl
ie

r
e−

iπ
n
.

e−
iπ

n
=

{
1

fo
r

n
=

0,
2,

4,
6

−1
fo

r
n
=

1,
3,

5,
7

(2
.1

0)

Fo
r

th
e

ex
po

ne
nt

m
ul

ti
pl

ie
r

e−
i
π 2

n
in

br
ac

ke
ts

th
e

pe
ri

od
is

n
=

4,
w

hi
ch

m
ea

ns
w

e
ha

ve
th

e
sa

m
e

su
m

s
fo

r
pa

ir
s

n
=

0,
4;

n
=

1,
5;

n
=

2,
6

an
d

n
=

3,
7.

It
m

ea
ns

on
th

e
m

id
dl

e
le

ve
l

in
br

ac
ke

ts
w

e
ha

ve
2
×4

=
8

su
m

s
an

d
th

e
se

co
nd

ha
lf

of
th

em
co

ul
d

be
re

ce
iv

ed
ag

ai
n

by
ch

an
gi

ng
si

gn
in

th
e

fir
st

ha
lf

of
th

em
—

du
e

to
th

e
fa

ct
th

e
di

st
an

ce
be

tw
ee

n
n

an
d

n
+

2
is
π

.
Th

us
,f

or
n
=

0,
4

th
e

fa
ct

or
is

1
an

d
fo

r
n
=

2,
6

it
is
−1

;
fo

r
n
=

1,
5

it
eq

ua
ls
−i

an
d

fo
r

n
=

3,
7

it
is

i.

e−
i
π 2

n
=

      

1
fo

r
n
=

0,
4

−i
fo

r
n
=

1,
5

−1
fo

r
n
=

2,
6

i
fo

r
n
=

3,
7

(2
.1

1)



P
A

R
T

II

Im
plem

entation

10
U

n
derstan

din
g

FFT

re

im

−
1

1

−
i i0

n
=

0,4

n
=

3,7

n
=

2,6

n
=

1,5

Figu
re

2.5:
Exponent

m
ultiplier

e −
i
π2

n.

O
n

the
outer

levelw
e

have
just

one
sum

for
every

transform
com

ponent,and
the

period
of

the
exponent

m
ultiplier

e −
i
π4

n
is

8.
W

hich
gives

us
1×

8=
8

sum
s

and
the

second
half

of
them

could
be

received
by

changing
sign

in
the

first
half.

e −
i
π4

n=



1
for

n
=

0
1p2 −

i
1p2

for
n
=

1
−

i
for

n
=

2
−

1p2 −
i

1p2
for

n
=

3
−

1
for

n
=

4
−

1p2 +
i

1p2
for

n
=

5
i

for
n
=

6
1p2 +

i
1p2

for
n
=

7

(2.12)

So,on
every

calculation
levelw

e
have

8
sum

s.
In

term
s

of
N

it
m

eans
w

e
have

lo
g

2 N
levels

and
N

sum
s

on
every

level,w
hich

gives
us

O
(N

lo
g

2 N
)

order
ofnum

ber
ofoperations.

O
n

the
other

hand
having

the
constant

num
ber

of
sum

s
on

every
levelm

eans
w

e
can

process
data

in-place.



11

re

im

−1
1

−ii 0
n
=

0

n
=

7

n
=

6

n
=

5

n
=

4 n
=

3

n
=

2

n
=

1

Fi
gu

re
2.

6:
Ex

po
ne

nt
m

ul
ti

pl
ie

r
e−

i
π 4

n
.

In
su

m
m

ar
y,

w
e

ha
ve

go
t

fa
st

Fo
ur

ie
r

tr
an

sf
or

m
—

FF
T.

N
ow

it
is

ti
m

e
to

de
ve

lo
p

a
st

ep
-b

y-
st

ep
in

st
ru

ct
io

n
lis

t
to

be
ca

rv
ed

in
co

de
.



C
H

A
P

T
E

R4
Inverse

Fourier
transform

Expression
for

inverse
Fourier

transform
is

f(x
)=

∞∫−∞
F

(u
)e

i2
π

u
xd

u
(4.1)

and
its

discrete
counterpart

is

fk =
1N

N
−

1
∑n=

0 F
n e

i
2
πN

k
n

(4.2)

Thus,the
difference

betw
een

forw
ard

(2.3)
and

inverse
(4.2)

transform
s

is
justa

sign
and

notnecessary
scale

factor
—

one
does

not
need

it
if

interested
in

ratio
betw

een
com

ponents
but

not
in

absolute
values.

It
m

eans
that

the
routine

for
forw

ard
transform

w
ith

slight
m

odification
can

perform
inverse

one
as

w
ell.

17
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FF

T
al

go
ri

th
m

im
ag

in
ar

y
ex

po
ne

nt
an

d
th

en
su

m
of

th
e

te
rm

s
is

st
or

ed
in

pl
ac

e
of

th
e

up
pe

r
te

rm
an

d
di

ff
er

en
ce

is
st

or
ed

in
pl

ac
e

of
th

e
bo

tt
om

te
rm

.
G

en
er

al
bu

tt
er

fly
pi

ct
ur

e
is

de
pi

ct
ed

be
lo

w
—

fi
g.

3.
2.

f 0
F

0

f 4
F

1

f 2
F

2

f 6
F

3

f 1
F

4

f 5
F

5

f 3
F

6

f 7
F

7

Fi
gu

re
3.

2:
A

ll
FF

T
bu

tt
er

fli
es

fo
r

N
=

8.

El
eg

an
t

sc
he

m
e.

It
is

ti
m

e
to

en
gr

av
e

th
is

be
au

ty
in

co
de

.
B

ut
be

fo
re

w
e

de
lv

e
in

to
pr

og
ra

m
m

in
g

le
t

us
m

ak
e

a
sm

al
ld

ig
re

ss
io

n:
it

is
kn

ow
n

th
in

g
th

at
Fo

ur
ie

r
tr

an
sf

or
m

is
a

tr
an

sf
er

to
fr

eq
ue

nc
y

do
m

ai
n,

so
,l

et
us

se
e

ho
w

to
be

ba
ck

fr
om

th
e

re
al

m
of

fr
eq

ue
nc

ie
s.

C
H

A
P

T
E

R
3

FF
T

al
go

rit
hm

H
av

in
g

un
de

rs
ta

nd
in

g
of

w
ha

t
fe

at
ur

es
of

D
FT

w
e

ar
e

go
in

g
to

ex
pl

oi
tt

o
sp

ee
d-

up
it

s
ca

lc
ul

at
io

n
w

e
ca

n
w

ri
te

do
w

n
th

e
fo

llo
w

in
g

al
go

ri
th

m
:

1.
Pr

ep
ar

e
in

pu
t

da
ta

fo
r

su
m

m
at

io
n

—
pu

t
th

em
in

to
co

nv
e-

ni
en

t
or

de
r;

2.
Fo

r
ev

er
y

su
m

m
at

io
n

le
ve

l:

A
.

Fo
r

ev
er

y
ex

po
ne

nt
fa

ct
or

of
th

e
ha

lf
-p

er
io

d:

a.
C

al
cu

la
te

fa
ct

or
;

b.
Fo

r
ev

er
y

su
m

of
th

is
fa

ct
or

:
i.

C
al

cu
la

te
pr

od
uc

t
of

th
e

fa
ct

or
an

d
th

e
se

co
nd

te
rm

of
th

e
su

m
;

ii.
C

al
cu

la
te

su
m

;
iii

.
C

al
cu

la
te

di
ff

er
en

ce
.

T
he

fir
st

st
ep

of
re

or
de

ri
ng

is
pu

tt
in

g
in

pu
t

da
ta

in
to

th
ei

r
na

tu
ra

l
or

de
r

in
(2

.7
):

{f
0
,

f 1
,

f 2
,

f 3
,

f 4
,

f 5
,

f 6
,

f 7
}
→

{f
0
,

f 4
,

f 2
,

13
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the
recurrence:e

i(ϕ+
δ

)=
e

iϕ+
e

iϕ (−
2

sin
2
δ2 +

isin
δ )

(3.1)

W
hich

is
indeed

expressione
i(ϕ+

δ
)=

e
iϕe

iδ
(3.2)

w
ritten

in
a

tricky
w

ay
notto

lose
significance

forsm
all
δ

—
forthis

case
co

s
δ≈

1
and

sin
δ≈

δ,w
hich

tells
us

that
for

co
s
δ

m
em

ory
w

illbe
justpacked

w
ith

.999999(9)butfor
sin

δ
there

w
illbe

m
uch

m
ore

usefulinform
ation.

T
hus,(3.1)

is
just

the
w

ay
to

elim
inate

co
s
δ

from
calculations.

Ifyou
look

back
at(2.7)

you
w

illfind,that
for

N
=

8
δ=

π2 ,
π4

—
not

a
sm

allnum
bers.

B
ut

for
transform

s
of

m
uch

bigger
N

δ=
π2 ,

π4 ,
π8 ,...up

to
2
πN
,

for
sure,

could
be

very
sm

all.T
he

innerm
ost

loop
looks

for
sum

s,
w

here
calculated

im
ag-

inary
exponent

present,
calculates

product
and

takes
sum

and
difference,

w
hich

is
the

sum
for

the
second

half-period
at
π

dis-
tance,w

here
our

exponent
changes

its
sign

but
not

the
absolute

value
according

to
(2.9).

To
perform

in-place
processing

w
e

utilize
the

follow
ing

schem
e:

fi
f ′i

f
j

f ′j
− +

×

Figu
re

3.1:
FFT

butterfly.

This
operation

is
elem

entary
brick

ofin-place
FFT

calculation
and

usually
is

called
butterfly.

T
he

bottom
term

is
m

ultiplied
by

14
FFT

algorithm

0
000

000
000

0
1

001
010

100
4

2
010

100
010

2
3

011
110

110
6

4
100

001
001

1
5

101
011

101
5

6
110

101
011

3
7

111
111

111
7

Table
3.1:

R
eordering

in
binary

dom
ain

f6 ,
f1 ,

f5 ,
f3 ,

f7 }.
Since

this
new

order
w

as
received

as
result

of
successive

splitting
term

s
into

even
and

odd
ones,in

binary
dom

ain
it

looks
like

ordering
based

on
bit

greatness
starting

from
the

least
significant

bit
—

see
table

3.1.
T

his
leads

to
“m

irrored
arithm

etics”
—

result
binary

colum
n

in
the

m
irror

looks
like

{0,
1,

2,
3,

4,
5,

6,
7}

—
our

initial
order

indeed.
Thus,to

reorder
input

elem
ents

it
is

enough
just

to
count

in
m

irrored
m

anner.
Since

double
m

irroring
gives

again
the

sam
e

num
ber,reordering

reduces
to

sw
aps.

Sum
m

ation
levels

include
our

parenthesis,brackets
and

outer
level.

In
generalcase

this
leads

to
iterations

on
pairs,quadruples,

octads
and

so
on.

Further,w
e

iterate
on

com
ponents

ofhalf-period,second
half-

period
w

e
are

getting
as

resultoftaking
differences

instead
ofsum

s
for

the
first

half.
Thus,for

the
deepest

levelofparenthesis
period

is
2

and
half-period

is
1,w

hich
m

eans
this

cycle
w

illbe
executed

only
once.

For
the

second
levelperiod

is
4

and
half-period

is
2

and
cycle

w
illbe

executed
2

tim
es.

In
generalcase

w
e

have
succession

1,2,4,8,...for
this

cycle.
Factor

calculation
is

calculation
ofour

im
aginary

exponent.
To

restrict
the

num
ber

of
trigonom

etric
function

calls
(2.2)

w
e

use


