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CHAPTER

Final remarks

The FFT algorithm implemented in literature is called Cooley-
Tukey. There is also Sand-Tukey algorithm that rearranges data
after performing butterflies and in its case butterflies look like ours
in fig. 3.2 but mirrored to the right so that the big butterflies come
first and the small ones do last.

From all our considerations follows that the length of the input
data for our algorithm should be power of 2. In the case length
of the input data is not a power of 2 it is a good idea to extend
the data size to the nearest power of 2 and pad additional space
with zeroes or input signal itself in a periodic manner — just copy
the necessary part of the signal from its beginning. Padding with
zeroes usually works well.

If you were attentive you could notice that butterflies in the
parenthesis and brackets in (2.7) do not really need multiplications
but additions and subtractions only. So, optimizing two deepest
levels of butterflies we can even improve the FFT performance.
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How to use

To utilize the FFT you should include the header file fft.h and place
in your code lines like:

...Usually at the top of the file
//  Include FFT header
#include "fft.h"

...Some code here

...Inside your signal processing function
//  Allocate memory for signal data
complex *pSignal = new complex[1024];
...Fill signal array with data

//  Apply FFT

CFFT: :Forward(pSignal, 1024);

...Utilize transform result

//  Free memory

delete[] pSignal;

33
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CHAPTER

Online resources

Online article:

http://www.librow.com/articles/article-10 — Fast
Fourier transform — FFT.

You can download full source code here:

www.librow.com/content/en/download/articles/
article-10/fft_code.zip — FFT C++ source code,
zip, 4 kB.

Full file listings are available online as well:

www.librow.com/articles/article-10/appendix-a-1 —
FFT source code — file of declarations fft.h;

www.librow.com/articles/article-10/appendix-a-2 —
FFT source code — file of implementation fft.cpp.

Optimized for high performance source code of complex number
class you can find here:
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//  Scale - if to scale result
bool CFFT::Inverse(complex *const Data,
const unsigned int N, const bool Scale /* = true */)

{
//  Check input parameters
if (!Data || N <1 || N & (N - 1))
return false;
//  Rearrange
Rearrange(Data, N);
//  Call FFT implementation
Perform(Data, N, true);
//  Scale if necessary
if (Scale)
CFFT: :Scale(Data, N);
//  Succeeded
return true;
}

The only difference is a conditional scaling of the result at the
postprocessing stage. By default the scaling is performed according
to (4.2) but if one is interested only in relative values she can drop
the corresponding flag to skip this operation. Scaling itself is a
primitive function below.

// Scaling of inverse FFT result
void CFFT::Scale(complex *const Data,
const unsigned int N)
{
const double Factor = 1. / double(N);
// Scale all data entries
for (unsigned int Position = 0; Position < N;
++Position)
Data[Position] *= Factor;
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to get the target position for the element.

Now there is a turn of the core method, which performs our

fast Fourier transform.

// FFT implementation

void CFFT::Perform(complex *const Data,
const unsigned int N,
const bool Inverse /* = false */)

const double pi = Inverse 7

3.14159265358979323846 : -3.14159265358979323846;

// Iteration through dyads, quadruples,
// octads and so on...
for (unsigned int Step = 1; Step < N; Step <<= 1)

{

// Jump to the next entry of the same
// transform factor
const unsigned int Jump = Step << 1;
// Angle increment
const double delta = pi / double(Step);
// Auxiliary sin(delta / 2)
const double Sine = sin(delta * .5);
// Multiplier for trigonometric recurrence
const complex Multiplier(-2. * Sine * Sine,
sin(delta));
// Start value for transform factor, fi =0
complex Factor(1l.);
// Iteration through groups of different
// transform factor
for (unsigned int Group = 0; Group < Step; ++Group)
{
// Iteration within group
for (unsigned int Pair = Group; Pair < N;
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6 Understanding FFT

ima
i
. el
smer-—-—-—--- ,
?_|
-1 0 cosg [1 re

Figure 2.1: Imaginary exponent.

Expression (2.3) is the discrete Fourier transform — DFT. Here
{fo, fi,--., fn-1} is an input discrete function and {Fy, Fi,..., Fx-1}
is the result of the Fourier transform.

It is easily could be seen that to program DFT it is enough
to write a double loop and just calculate sums of products of the
input samples and imaginary exponents. The number of opera-
tions required is obviously of O(N?) order. But due to transform
properties it is possible to reduce the number of operations to the
order of O(Nlog, N). Now, let us explore tricks we can use to
speed-up calculations.

Let us put N = 8 and write down our DFT:

_jon _jon _jon
mwﬂnu\w¢.\mm i3 :¢.\m® Nmmx¢.\w® 1%°3n
_j2n _j2n _j2n _j2n
+b® Nm»:+\w® Nmm:+\‘m® Nmm=+\w® i%7n AN.NC
Easily could be seen we can split the sum into two similar
sums separating odd and even terms and factoring out the latter
sum:

23

The class has four public methods for performing FFT: two
functions for the forward transform and two ones for the inverse
transform. Every couple consists of the in-place version and a
version that preserves the input data and outputs the transform
result into the provided array.

The protected section of the class has as well four functions:
two functions for data preprocessing — putting them into the
convenient order, a core function for transform performing and an
auxiliary function for scaling the result of the inverse transform.

Every of four public methods is very similar and is indeed a
wrapper that controls processing workflow. Let us see how one of
them is designed.

// FORWARD FOURIER TRANSFORM, INPLACE VERSION
//  Data - both input data and output
// N - length of both input data and result
bool CFFT::Forward(complex *const Data,

const unsigned int N)

{
//  Check input parameters
if (!1Data || N <1 || N & (N - 1))

return false;

//  Rearrange
Rearrange(Data, N);
//  Call FFT implementation
Perform(Data, N);
//  Succeeded
return true;

+

Inside wrapper you can find check of the input parameters,
then data preparation — rearrangement, — and transform itself.
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8 Understanding FFT
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-1 w%k cosp |1 re CHAPTER
= FFT programming

Figure 2.2: Periodicity of the imaginary exponent.

Here is our FFT class declaration.

imi
i class CFFT
ip
sing------ N { )
” public:
. " // FORWARD FOURIER TRANSFORM
\ i . // Input - input data
-1\ —cosy 0 Ccosg J1 re //  Output - transform result
" // N - length of both input data and result
/ —sing static bool Forward(const complex *const Input,
e!@+m complex *const Output, const unsigned int N);
-1
// FORWARD FOURIER TRANSFORM, INPLACE VERSION
Figure 2.3: Half-period of the imaginary exponent. // Data - both input data and output
// N - length of both input data and result
static bool Forward(complex *const Data,
el @+m — _ gl (2.9) const unsigned int N);

Indeed they are 1 for n=0,2,4,6and —-1forn=1,3,5,7:

21
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10 Understanding FFT

n=2,6
-1

—iln=1,5

4

Figure 2.5: Exponent multiplier e™*2".

On the outer level we have just one sum for every transform

component, and the period of the exponent multiplier e #" is 8.

Which gives us 1 x 8 = 8 sums and the second half of them could
be received by changing sign in the first half.

( 1 forn=0
wlmw forn=1
H .|H~. forn=2

o S E
|w+~.w forn=5
i forn=6
&+~.w forn=7

So, on every calculation level we have 8 sums. In terms of N
it means we have log, N levels and N sums on every level, which
gives us O(INlog, N) order of number of operations. On the other
hand having the constant number of sums on every level means
we can process data in-place.

PART II

Implementation
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CHAPTER

Inverse Fourier transform

Expression for inverse Fourier transform is

o0

f(x) = \ F(we®™ *du (4.1)

—00

and its discrete counterpart is

ﬂ N-1 - 27T
fe==) F,e'~v*" (4.2)
ano

Thus, the difference between forward (2.3) and inverse (4.2)
transforms is just a sign and not necessary scale factor — one does
not need it if interested in ratio between components but not in
absolute values. It means that the routine for forward transform
with slight modification can perform inverse one as well.

17
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14 FFT algorithm

0 | 000 000 000 |0
1001 010 100 |4
21010 100 010 |2
31011 110 110 |6
41100 001 001 |1
51101 011 101 |5
6 | 110 101 011 |3
71111 111 111 |7

Table 3.1: Reordering in binary domain

fe» fi, f5, f3, f7}. Since this new order was received as result of
successive splitting terms into even and odd ones, in binary domain
it looks like ordering based on bit greatness starting from the least
significant bit — see table 3.1.

This leads to “mirrored arithmetics” — result binary column
in the mirror looks like {0, 1, 2, 3, 4, 5, 6, 7} — our initial order
indeed. Thus, to reorder input elements it is enough just to count
in mirrored manner. Since double mirroring gives again the same
number, reordering reduces to swaps.

Summation levels include our parenthesis, brackets and outer
level. In general case this leads to iterations on pairs, quadruples,
octads and so on.

Further, we iterate on components of half-period, second half-
period we are getting as result of taking differences instead of sums
for the first half. Thus, for the deepest level of parenthesis period
is 2 and half-period is 1, which means this cycle will be executed
only once. For the second level period is 4 and half-period is 2 and
cycle will be executed 2 times. In general case we have succession
1,2, 4, 8,... for this cycle.

Factor calculation is calculation of our imaginary exponent. To
restrict the number of trigonometric function calls (2.2) we use

15
the recurrence:
e!@+0) — o9 4 pl¢ |Nmmsmm+ isind (3.1)
Which is indeed expression
ol @+0) _ ,iw ,i0 (3.2)

written in a tricky way not to lose significance for small § — for this
case cosd = 1 and sind = §, which tells us that for cosé memory
will be just packed with .999999(9) but for siné there will be much
more useful information. Thus, (3.1) is just the way to eliminate
cos o from calculations. If you look back at (2.7) you will find, that

for N=8 6=1 m — not a small numbers. But for transforms of
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much bigger N 6 = w, m_ mv up to Nﬂau for sure, could be very
small.

The innermost loop looks for sums, where calculated imag-
inary exponent present, calculates product and takes sum and
difference, which is the sum for the second half-period at 7 dis-
tance, where our exponent changes its sign but not the absolute
value according to (2.9). To perform in-place processing we utilize
the following scheme:
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Figure 3.1: FFT butterfly.

This operation is elementary brick of in-place FFT calculation
and usually is called butterfly. The bottom term is multiplied by



